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Let Hi be the affine Hecke algebra corresponding to the group GLi over a p-adic 
field with residue field of cardinality q . We will regard Hi as an associative algebra 
over the field C(g). Consider the ffi+m -module W induced from the tensor product 
of the evaluation modules over the algebras Hi and Hm ■ The module W depends 
on two partitions A of / and /i of m, and on two non-zero elements of the field C(g) . 
There is a canonical operator J acting on W , it corresponds to the trigonometric 
i?-matrix. The algebra -ff^+m contains the finite dimensional Hecke algebra -ff^+m 
as a subalgebra, and the operator J commutes with the action of this subalgebra 
on W . Under this action, W decomposes into irreducible subspaces according to 
the Littlewood-Richardson rule. We compute the eigenvalues of J, corresponding 
to certain multiplicity- free irreducible components of VF. In particular, we give a 
formula for the ratio of two eigenvalues of J, corresponding to the "highest" and 
the "lowest" components. As an application, we derive the well known g-analogue 
of the hook-length formula for the number of standard tableaux of shape A. 



1. Introduction 



In this article we will work with the affine Hecke algebra corresponding to the 
general linear group GLi over a local non- Archimedean field. Let g be a formal 
parameter. Let Hi be the finite dimensional Hecke algebra over the field C(g) 
of rational functions in g, with the generators Ti, . . . , T/_i and the relations 

(T,-g)(r, + g-i)=0; (1.1) 

TiTi^iTi = Ti^iTiTi^i] (1-2) 



TiTj = TjTi, + l 



(1.3) 



for all possible indices i and j . The affine Hecke algebra Hi is the C(g) -algebra 
generated by the elements Ti, . . . , T„_i and the pairwise commuting invertible 
elements Yi, . . . , 1^ subject to the relations (1.1) -(1.3) and 

TiYiT,^Y,+,; (1.4) 

TiYj = YjT,, J ^1,1 + 1. (1.5) 



By definition, the affine algebra Hi contains Hi as a subalgebra. There is also 
a homomorphism tti : if; — > Hi identical on the subalgebra Hi G Hi, it can be 
defined [1, Theorem 3.4] by setting 7ri(Yi) = 1. Indeed, then by (1.4) we have 

ni{Y^^Ti_i...TiTi...Ti^i (1.6) 

for every i — 1, . . . , I. Denote by the right hand side of the equahty (1.6). 
Using the relations (1.2) and (1.3), one can check that 

TiXj=XjTi, + l 

and that the elements Xi, . . . , Xi are pairwise commuting. These elements are 
invertible in Hi , because the generators 71 , . . . , are invertible: we have 

T-' = T,-q + q-' (1.7) 

due to (1.1). The elements Xi, . . . , Xi are called the Murphy elements [14] of 
the Hecke algebra Hi ; they play an important role in the present article. 

More generally, for any non-zero z e C{q) , one can define a homomorphism 

TTz '■ Hi ^ Hi, also identical on the subalgebra Hi (Z Hi, by setting ■nz(Xi) = z. 
It is called the evaluation homomorphism at z. By pulling any irreducible 
if; -module V back through the homomorphism tt^ we obtain a module over 
the algebra Hi, called an evaluation module at z and denoted by V{z). By 
definition, the if; -module V{z) is irreducible. 

Throughout this article / is a positive integer. For any index i = 1 ,...,/ — 1 
let (Tj = (i i + 1) be the adjacent transposition in the symmetric group Si . Take 
any element a & Si and choose a reduced decomposition o" = (7j^ . . . CTj^ . As 
usual put = Ti-^ . . . Ti^ , this element of the algebra Hi does not depend on 
the choice of reduced decomposition of a due to (1.2) and (1.3). The element 
of maximal length in Si will be denoted by ctq . We will write Tq instead of To-g 
for short. The elements T^. form a basis of if; as a vector space over the field 
C(g) . We will also use the basis in if; formed by the elements T~^. 

The C(g) -algebra if; is semisimple; see [6, Section 4] for a short proof of this 
well known fact. The simple ideals of if; are labeled by partitions A of /, like 
the equivalence classes of irreducible representations of the symmetric group 
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Si - In Section 3 of the present article, for any partition A of / we will construct 
a certain left ideal Vx in the algebra Hi. Under the action of the algebra Hi 
via left multiplication, the subspace Vx C Hi is irreducible; see Corollary 3.5. 
The if/ -modules Vx for different partitions A are pairwise non-equivalent; see 
Corollary 3.6. At g = 1, the algebra Hn{q) speciahzes to the group ring CSi. 
The -module Vx then specializes to the irreducible representation of Si, 

coresponding [18] to the partition A. Our construction of Vx employs a certain 
limiting process called fusion procedure [1]; see Section 2 for details, cf. [7,9]. 

Using this definition of the iJ; -module Vx, consider the evaluation module 
Vx{z) over the affinc Hcckc algebra Hi. Take a partition /i of a positive integer 
m and a non-zero element w G C(g) , then also consider the evaluation module 
V^(w) over the algebra Hm ■ The tensor product Hi ^Hm is naturally identified 
with the subalgebra in Hi+m, generated by the elements 

Ti , . . . , T/_i ,Yi, . . . ,Yi and T/+i , . . . , TJ+^-i , Yi+i , ■ ■ ■ , Yi+m ■ 

Denote by W be the if^+^-module induced from the module Vx{z) (g) Vn{w) 
over the subalgebra Hi ®Hm C Hi^^. Identify the underlying vector space of 
the module W with the left ideal in Hi^„i generated by Va ® C i?; ® H„i , so 
that the subalgebra Hi^m C H ij^m acts on W via left multiplication. Further, 
denote by W be the ifi+^-niodule induced from the module V^(ii') ® Vx{z) 
over the subalgebra iJ^ ® Hi <Z Hi^^. The underlying vector space of 1^' is 
identified with the left ideal in Hi^^ generated by V^^VxCL H^ ® Hi . Note 
that then due to (4.5) and (4.6) we have the equality of left ideals W — WT^., 
where r is the element of the symmetric group 5";+^ permuting 

{1 , . . . , m ,m -\- 1 , . . . , I -\- m) i— > {I -\- 1 , . . . , I -\- m ,1 , . . . , I) . (1-8) 

Suppose that z~^w ^ q^'^. Then the if^+^-modules W and W are irreducible 
and equivalent, see for instance [20, Remark 8.7]. Hence there is a unique, up 
to a multiplier from C(g), non-zero intertwining operator of i/^+m-modules 
/ : W ^ W . The existence of this operator docs not depend on the choice 
of realization of the -modules W and W . For our choice of W and W , 
we will give an exphcit formula for the operator /, see Proposition 4.2. This 
formula fixes the normalization of / , in particular. 

Let J : W ^ W he the composition of the operator / : W ^ W, and the 
operator W — > W of multiplication by the element on the right. Since the 
subalgebra i^^+m C -H^i+m acts on the left ideals W and W in via left 

multiplication, the operator J commutes with this action of Hi^^ . Under this 
action, the vector space W splits into irreducible components according to the 
Littlewood-Richardson rule [13, Section 1.9]. On every irreducible component 
appearing with multiplicity one, the operator J acts as multiplication by a 
certain element of C{q) . In this article, we compute these elements of C{q) 
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for certain multiplicity free components of W, see Theorems 4.5 and 4.6. Note 
that without affecting the eigenvalues of the operator J. one can replace Vx 
and Vn in our definition of W by any left ideals in the algebras Hi and 
respectively, equivalent to Vx and as modules over these two algebras. 

Let us give an example of applying our Theorems 4.5 and 4.6. Write 
A = (Ai,A2 , . . . ) and A = (/ii,/i2 , • • • ) > 

where the parts of A and /i are as usual arranged in the non-increasing order. 
Consider also the conjugate partitions 

A* = (At,A;, ... ) and = 

There are two distinguished irreducible components of the if/_|_^-module W 
which are multiplicity free. They correspond to the two partitions oi I + m 

A + // = (Ai + /xi,A2 + A*2, ■■■) and (A* + /x*)*. 

Let us denote by hxfj,{z , w) the ratio of the corresponding two eigenvalues of the 
operator J, this ratio does not depend on the normalization of this operator. 

Corollary 1.1. We have 

Z-^W - g-2(Ma + A^-a-6 + l) 
a,b ^ 

where the product is taken over all a,b = 1 ,2, . . . such that b ^ Xa,iJ>a ■ 

We will derive this result from Theorems 4.5 and 4.6, using Proposition 4.7. 
Now consider the Young diagrams of A and For the partition A, this is the 
set (2.5). The condition b ^ \a,t^a in Corollary 1.1 means that the node {a,b) 
belongs to the intersection of the diagrams corresponding to A and /x. Recall 
that the number Aa + A^ — a — 6 + 1 is the hook-length corresponding to the 
node (a, 6) of the Young diagram of A. The numbers appearing in (1.9), 

Xa + nl — a — b+1 and /^a + A^ — a — 6+1 

may be called the mixed hook-lengths of the first and second kind respectively. 
Both these numbers are positive for any node {a,b) in the intersection of the 
Young diagrams of A and , hence there are no cancellations of factors in (1.9) . 

According to the famous formula from [3] , the product of the hook- lengths of 
the Young diagram of A is equal to the ratio / ! / dim Vx ■ We call the equality 
(1.9) the mixed hook-length formula. Its counterpart for the degenerate, or 
graded affine Hecke algebras [2,12] which does not involve the parameter q, 
has appeared in [15]. The g-analogue of the hook-length formula [3] is also 
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known, see for instance [13, Example 1.3.1]. As another application of our 
Theorem 4.5 we give a new proof of this ^-analogue, see the end of Section 4. 



2. Fusion procedure for the algebra Hi 

In this section, for any standard tableau A of shape A we will construct a 
certain non-zero element F\ E Hi. Under left multiplication by the elements 
of Hi, the left ideal Hi Fa C Hi is an irreducible module. The irreducible 
i?/ -modules corresponding to two standard tableaux are equivalent, if and only 
if these tableaux have the same shape. The idea of this construction goes back 
to [1, Section 3] were no proofs were given however. The element Fa is related 
to the g-analogue of the Young symmetrizer in the group ring C^; constructed 
in [5], see the end of next section for details of this relation. 

For each i = 1 — 1 introduce the Hi -valued rational function in two 
variables x,y G C(g) 

F,{x,y)=T,+ ^7^"' . (2.1) 
X y — 1 

As a direct calculation using (1.1) -(1.2) shows, these functions satisfy 

Fi{x,y)Fi+,{x,z)Fi{y,z) = Fi+,{y,z)Fi{x,z)Fi+i{x,y). (2.2) 
Due to (1.3) these rational functions also satisfy the relations 

Fi{x,y)Fj{z,w) = Fj{z,w)Fi{x,y); + (2.3) 

Using (1.1) once again, we obtain the relations 

F,{x,y)F,{y,x) = 1 - ^"X""^ . (2.4) 

[x - yy 

Our construction of the element Fa G Hi is based on the following simple 
observation. Consider the rational function of x,y,z defined as the product 
at either side of (2.2). The factor Fi^i{x,z) at the left hand side of (2.2), and 
the factor Fi{x,z) at the right hand side have singularities at x = z. However, 

Lemma 2.1. Restriction of the rational function (2.2) to the set of {x,y,z) 
such that X — q^^y, is regular at x — z ^ 0. 

Proof. Let us expand the product at the left hand side of (2.2) in the factor 
Fi+i{x,z). By the definition (2.1) we will get the sum 

Fi{x,y)Ti+i Fi{y,z) + ^^^^Fi{x,y) Fi{y,z) . 
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Here the restriction to x = q^'^y of the first summand is evidently regular at 
X — z. After the substitution y — q^^x, the second summand takes the form 

X ''Z — 1 \ q^^x ^z — lj X ''Z — q^^ 

The rational function of z at the right hand side of the last displayed equality 
is also evidently regular at a; = 2; □ 

Let A be any standard tableau of shape A . Here we refer to the Young diagram 

{{a,b) eZ^ \l^a, l^b^Xa} (2.5) 

of the partition A. Any bijective function on the set (2.5) with values 
is called a tableau. The values of this function are the entries of the tableau. 
The symmetric group Si acts on the set of all tableaux of given shape by 
permutations of their entries. The tableau A is standard if A (a, 6) < A(a + 1 , &) 
and A(a,6) < A(a,6 + 1) for all possible integers a and b. If A{a,b) = i then 
put Ci(A) = b — a. The difference b — a here is the content corresponding to 
the node (a, 6) of the Young diagram (2.5). 

Now introduce / variables Zi, . . . , Zi G C(g). Equip the set of all pairs 
where 1 ^ i < j ^ I , with the following ordering. The pair precedes 
another pair {i' if j < j', or if j = j' but i < i' . Take the ordered product 

n F,_.(g^-(^)..,,^^^(^).,) (2.6) 

over this set. Consider the product (2.6) as a rational function taking values 
in Hi , of the variables zi, . . . , zi. Denote this function by Fa(^i , . . . , 2;;) . Let 
Za be the vector subspace in C{q)^^ consisting of all tuples {zi, . . . , zi) such 

that Zi = Zj whenever the numbers i and j appear in the same column of the 
tableau A, that is whenever i = A{a,b) and j = A(c,&) for some a,b and c. 
Note that the point (1, . . . , 1) e C(g)^' belongs to the subspace Z\. 

Theorem 2.2. Restriction of the rational function F\{zi, . . . , zi) to the sub- 
space Za C C{q)^'' is regular at the point (!,...,!). 

Proof. Consider any standard tableau A' obtained from the tableau A by an 
adjacent transposition of its entries, say by ak E Si. Using the relations (2.2) 
and (2.3), we derive the equality of rational functions in the variables zi, . . . , zi 

F4z,, ...,zi) Fi_,{q'^^+^^''hk+i , q'^'^'^^'^Zk) = 

Fk(q"'^^''^z, , q'^'^^^^^h.^^) F^{z[, ...,;./), (2.7) 
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where the sequence of variables {zl, . . . , z[) is obtained from the sequence 
{zi, . . . , zi) by exchanging the terms z^ and -Zjk+i. Observe that 

{z[, . . . , z'l) e Zm 44> (zi , . . . , z;) e Za . 

Also observe that here |cfe(A) — Cfc+i(A) | ^ 2 because the tableaux A and A' 
are standard. Therefore the functions 

F,{q^'"^^'-hn , and Fi_,(q'<^^^^(^^ z,+, , q'^^'^^hk) 

appearing in the equality (2.7), are regular at Zk = Zk+i = 1. Moreover, their 
values at Zk = z^+i — 1 are invertible in the algebra Hi, see the relation (2.4). 
Due to these two observations, the equahty (2.7) shows that Theorem 2.2 is 
equivalent to its counterpart for the tableau A' instead of A . 

Let us denote by A° the column tableau of shape A. By definition, we have 
A°(a + 1,6) = A°(a,fe) + 1 for all possible nodes (a, 6) of the Young diagram 
(2.5). There is a chain A, A', ... , A° of standard tableaux of the same shape A, 
such that each subsequent tableau in the chain is obtained from the previous 
one by an adjacent transposition of the entries. Due to the above argument, 
it now suffices to prove Theorem 2.2 only in the case A = A°. Note that 

{Tk-qf ^ {-q-q-^){n-q) for A; = 1 , . . . , Z - 1 . (2.8) 

Consider the ordered product (2.6) when A = A°. Suppose that the factor 

F,^,{q''^^(''h,,q''^^^^'h,) (2.9) 

in that product has a singularity at Zi = Zj = 1. Then Cj(A°) = Cj(A°) . If here 
i = A°(a,6) then i + 1 = A°(a + 1,6) < j. The next factor after (2.9) is 

F.-^-i(g^'='+^(^°)^m,?'^^-^^°^^.) (2.10) 

where Cj+i(A°) = Cj(A°) — 1. Due to the relations (2.2) and (2.3), the product 
of all the factors before (2.9) is divisible on the right by 

F,_,_i(g2-(^°)^,,g^^'+^(^°)^,+0- (2.11) 

Note that the restriction of (2.11) to Zi = z-i^i equals — q- Also note 

that restriction to Zi = Zi^i of the ordered product of three factors (2.11), 
(2.9) and (2.10) is regular at Zi = Zj = 1 due to Lemma 2.1. 

Now for every pair such that (2.9) is singular at Zi = Zj = 1, insert 

the factor (2.11) divided by { — q —q~^) immediately before the two adjacent 
factors (2.9) and (2.10) in the product (2.6) with A = A°. These insertions do 
not alter the values of restriction of the entire product to Z\o due to (2.8). But 
with these insertions, restriction of the product to Z\o is evidently regular □ 
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Due to Theorem 2.2, an element Fa G Hi can now be defined as the value 
at the point (1 ..... 1) of the restriction to Z\ of the function Fa(-2i , . . . , Zi). 
Note that for / = 1 we have F\ = 1. For any / ^ 1, talce the expansion of the 
element Fa G Hi in the basis of the elements T^- where a is ranging over Si . 

Proposition 2.3. The coefficient in F\ e Hi of the element Tq is 1. 

Proof. Expand the product (2.6) as a sum of the elements with coefficients 
from the field of rational functions oi zi, . . . , zi; these functions take values 
in C{q). The decomposition in Si with ordering of the pairs as in (2.6) 

^0 = n 

is reduced, hence the coefficient at Tq = T^tq in the expansion of (2.6) is 1. By 
the definition of Fa , then the coefficient of Tq in Fa must be also 1 □ 

In particular, Proposition 2.3 shows that Fa 7^ for any standard tableau A. 

Denote by ai the involutive antiautomorphism of the algebra Hi over the field 
C(q'), defined by setting a; (Tj) = Tj for every index i = l, — 1. Note that 
each of the Murphy elements Xi, . . . , Xi oi the algebra Hi is a; -invariant. 

Proposition 2.4. The element F^Tq'^ is ai-invariant. 

Proof. Any element of the algebra Hi of the form Fi{x,y) is a ^ -invariant. 
Hence applying the antiautomorphism ai to an element of Hi the form (2.6) 
just reverses the ordering of the factors corresponding to the pairs Using 
the relations (2.2) and (2.3), we can rewrite the reversed product as 

n F,_,+,(g^-(^).,,g^^^(^).,) 

where the pairs are again ordered as in (2.6). But due to (1.2) and (1.3), 
we also have the identity in the algebra Hi 

Fi_i{x,y)To^ToFi{x,y). 

This identity along with the equality ai (Tq) = Tq implies that any value of the 
function Fa(2;i , . . . , zi) Tq~^ is a /-invariant. So is the element FaTq"^ e if; □ 

Proposition 2.5. If k = A(a,6) and k + 1 = A(a + 1,6) then the element 
-fyv G Hi is divisible on the left by T^ — q. 

Proof. Using the relations (2.2) and (2.3), one demonstrates that the product 
(2.6) is always divisible on the left by the function 

F,{q'^^^^hk,q''''^^^''hk+,). 
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If here k — A(a,6) and k + 1 = A(a + 1,6) then restriction of this function to 
Zi = Zi^i equals Tj. — q. Hence the required property of the element Fa G Hi 
immediately follows from the definition of this element □ 

Fix any standard tableau A of shape A. Let p & Si he the permutation such 
that A = p ■ A°, that is A(a,6) = p (A°(a,6)) for all possible a and b. For any 
j = 1, . . . ,1 take the subsequence of the sequence p(l), . . . , consisting 
of all i < j such that p~^{i) > P~^{j)- Denote by Aj the result of reversing 
this subsequence. Let \Aj\ be the length of sequence Aj. We have a reduced 
decomposition in the symmetric group Si , 

p = n ( n ^j-k)- (2-12) 

j=l,...,l ^ k=l,...,\Aj\ ^ 

Let . . . be the product of adjacent transpositions at the right hand side 
of (2.12). For each tail cij^ • • • of this product, the image (Jj^- . . . (Xj^ ■ A° 
is a standard tableau. This can easily be proved by induction on the length 
X = L, . . . , 1 of the tail, see also the proof of Proposition 2.6 below. Note 
that for any % e Aj and A;e{l,...,Z — 1} the elements of the algebra Hi , 

Ffc ( g (A) , g 2c, (A) ^ ^ ^ 2c, (A) ^ g 2c, (A) ^ 

are well defined and invcrtible. Indeed, if i = A(a,6) and j = A[c,d) for some 
a,b and c,d then a < c and b > d. So Cj(A) — Cj{A) = b — a — d + c^2 here. 

Proposition 2.6. We have the equality in the algebra Hi 
i^A • n ( n Fi_Mq''^^''\q'''^''^)) = 

j=l,...,l ^ k=l,...,\Aj\ 

n ( n F,_,{q'^^^^\q"^^^''^)) ■ Fao where t = Aj{k) . 
j=l,...,l ^ k=l,...,\Aj\ ^ 

Proof. We will proceed by induction on the length N — | + . . . + | of the 
element p ^ Si. Let n be the minimal of the indices j such that the sequence 
Aj is not empty. Then we have ^n(l) = n — 1. Indeed, if ^n(l) < n — 1 then 
P~^(^n(l)) > p~^{n — 1). Then An{i) G An-i, which would contradict to 
the minimahty of n. The tableau (7„_i • A is standard, denote it by A'. In our 
proof of Theorem 2.2 we used the equality (2.7). Setting A; = n — 1 in that 
equality and then using Theorem 2.2 itself, we obtain the equality in Hi 

FAF;_,+i(g2^"(^),g2^"-(^)) = F„_i(g2'^"-(^),g2'^"(^))FA^. (2.13) 

For each index j = 1 , . . . , I denote by Aj the counterpart of the sequence Aj 
for the standard tableau A' instead of A. Each of the sequences A[, . . . , A'n-2 
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and An is empty. The sequence A'^^i is obtained from the sequence An by 
removing its first term ^„(1) = n — 1. By replacing the terms n — 1 and n, 
whenever any of them occurs, respectively by n and n — 1 in all the sequences 
An+i , . . . , Ai we obtain the sequences A'^^^ , . . . , A'l . 

Assume that the Proposition 2.6 is true for A' instead of A. Write the product 
at the left hand side of the equality to be proved in Proposition 2.6 as 



/ ^ 7 1 I /I . I 



j = n+l,...,l ^ k=l,...,\A^ 

where in the first line i — An{k) , while in the second line i — Aj{k) . Using 
the equality (2.13) and the description of the sequences A[, . . . , A'l as given 
above, the latter product can be rewritten as 

n ( n Fi.,Ml"''^''\l'''^''^)) where i^A',{k). 

j=l,...,l ^ k=l,...,\Aj\ 

By the inductive assumption, this product equals 

j=l,...,l ^ k=l,...,\A'j\ 

times F\o , where we keep to the notation i = Aj{k) . Using the description of 
the sequences A[, . . . , A'l once again, the last product can be rewritten as at 
the right hand side of the equality to be proved in Proposition 2.6 □ 

Proposition 2.7. If k = A{a,b) and k + 1 = A{a,b+ 1) then the element 
Fa e Hi is divisible on the left by + q~^ . 

Proof. Given a pair of indices {a,b) such that > 6, it suffices to prove 
Proposition 2.7 for only one standard tableau A of shape A. Indeed, let A 
be another standard tableau of the same shape, such that A(a,6) = k and 
A(a,6+ 1) = /c + 1 for some /cG{1, ...,/ — 1}. Let a be the permutation such 
that A = cr • A. There is a decomposition a — (Ti^ ■ ■ ■ (Ti^ such that for each 
M = 1, . . . , iV — 1 the tableau Am = . . . a^^ ■ A is standard. Note that 
this decomposition is not necessarily reduced. Using Theorem 2.2, we get 
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Fj, ■ n F;_,^(g2ew+i(AM)^^2c,^(AM)) (2.14) 
M = 1,...,N 

where = A. Note that here for every M — 1, . . . , N the factor 

is invertible. Further, we have the equality a ak — Cj^a by the definition of the 
permutation a. Using the relations (2.2) and (2.3), we obtain the equality 

n Fi^(g2C'M(^M)^^2ci^ + i(AM)^ . Ffe(g2^^(^),g2cfc+i(A)^) _ 
M = 1,...,N 

M = 1,...,N 

The last equality along with the equahty (2.14) shows, that Proposition 2.7 
imphes its counterpart for the tableau A and the index k, instead of A and k 
repectively. Here we also use the equalities 

Ffe(g2^'=(^),g2^'=+^(^)) = n + q-\ 



Let us consider the column tableau A° of shape A. Put m — A°{a,b). Also 
put n — A°{Xl , b) , then A°(a , 6 + 1) — n + a. We will prove that the element 
Fao e Hi is divisible on the left by the product 

n ( n i^.+.-n-i(g^^'(^^g^^^(^°))). (2.15) 

i = m,...,n j = n+l , ... ,n+a 

Then Proposition 2.7 will follow. Indeed, put k = m + a — 1, this is the value 
of the index i + j — n — 1 in (2.15) when i — m and n — n-\-a. Let A be the 
tableau such that A° is obtained from the tableau (7^ • A by the permutation 

n ( n ai+j^n-iY 

i = m,...,n j = n+l . ... , n+a 

The tableau A is standard. Moreover, then A{a,b) = k and A (a, 6+1) = k + 1. 
Note that the rightmost factor in the product (2.15), corresponding to i = m 
and n — n + a, is 

Denote by F the product of all factors in (2.15) but the rightmost one. Further, 
denote by G the product obtained by replacing each factor in F 
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respectively by 

The element F & Hi is invertible, and we have FF\ = Fa°G. Therefore the 
divisibility of the element F\o on the left by the product (2.15) will imply the 
divisibility of the element Fa on the left by + 

Take the tableau obtained from A° by removing the entries n + a + 1, . . . , I. 
This is the column tableau corresponding to a certain partition of n + a, let us 
denote this tableau by T°. The proof of Theorem 2.2 shows that the element 
F\o e Hi is divisible on the left by the element Fyo e Hn+a ■ Here we use the 
standard embedding Hn+a Hi where i— > for each i = l,...,n — a — 1. 
Hence it suffices to prove the divisibility of the element Fr° G i?n+o on the 
left by the product (2.15). Therefore it suffices to consider only the case when 
n + a = I. We will actually prove that F\o is divisible on the right by 

n ( n ^.^.-.+n+i(g^=^(^°\g^^^(^°^)). (2.16) 

i = m,...,n j = n+l,...,l 

The divisibility of Fao on the left by the product (2.15) where n + a — I, will 
then follow by Proposition 2.4. 

The element Fao G Hi is the value at the point (1, . . . , 1) of the restriction 
to the subspace Z\o c C(g)^' of the rational function Fao(-Zi, ... , zi). This 
function has been defined as the ordered product (2.6) where A = A°. Let 
us change the ordering of the pairs (i,j) in (2.6) to the lexicographical, so 
that now the pair {i,j) precedes another pair {i' ,j') Hi < i', oi if i = i' but 
j < j'. This reordering does not alter any value of the function Fao {zi , . . . , zi) 
due to the relations (2.3). Using the new ordering, we can once again prove 
that the restriction of F\o[zi, . . . , zi) to the subspace Z\o is regular at the 
point (1, . . . , 1). Indeed, take any factor (2.9) in the product (2.6) such that 
Ci{A°) = Cj{A°). If here j = A°{a,b) then j - 1 = A°(a - 1,6) > i. The factor 
in (2.6) immediately before (2.9) is now 

Fj_,_,{q'^^(^°h,,q'^^-^(^'h,_,) (2.17) 

where Cj_i(A°) = Cj{A°) + 1. Due to the relations (2.2) and (2.3), the product 
of all the factors after (2.9) is divisible on the left by 

F,-_,_i (g2c-^(^°)^,_i , g2e.(A°)^.) . (2.18) 

The restriction to zj-i — zj of the ordered product of the three factors (2.17), 
(2.9) and (2.18) is regular at Zi — zj — 1, cf. Lemma 2.1. 

With the new ordering, consider the product of all those factors in (2.6) where 
i ^ m. Any such factor is regular at Zi — Zj — 1, because we are considering 
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only the case n + a = I. At the point {zi, . . . , zi) — {1, . . . ,1), the product of 
these factors takes the value 

n ( n (2.19) 

i = m,...,l—l j = i+l,...,l 

The argument in the previous paragraph not only shows that the restriction 
of Fa°{zi, . . . , Zi) to the subspace 2^° is regular at (1, . . . , 1), it also shows 
that the element Fao is divisible on the right by the product (2.19). Using 
(2.2) and (2.3), the product (2.19) is equal to (2.16) multiplied on the left by 

n ( n F,_.(g2-(^°),g^'^^(^°))) X 

i = m,...,n— 1 j=i+l,...,n 

n ( n i^.•-^+n-n.-M(g^^'(^°^g^^^■(^°)) □ 

i = n+l,...,l-l ^ j = i+l,...,l 



Let us now regard Fa as an element of the algebra , by using the standard 
embedding Hi —>■ where Tj i-^ Tj for any i = l, — 1. 

Proposition 2.8. We have equality of rational functions in z , valued in i^j+i 

n n(^,g^-(^)) • Fa = T,...Ti-zJf^...Tr' 
k=i,...,i ^ 



Proof. Denote by F{z) the rational function with the values in iJ^+i , defined 
as the product of the left hand side of the equality to be proved. Note that 

F(0)=ri...7]FA and F (oo) ^ TfK .. Tr' Fa 

due to (1.7). It remains to show that F{z) may have pole only at 2; = 1 and 
that this pole is simple. Since ci (A) = the factor Fi ( z , g ^"^^ ) in the product 
defining F(z) , has a simple pole at 2; = 1. Take any zq G C(g) . Suppose there 
is an index J G {2, . . . , / } such that Zq = q'^^3^^\ The factor Fj(z,q'^'^^^^^) has 
a pole at 2; = 2;o . We shall prove that when we estimate the order of the pole 
of F{z) at z = Zq from above, any of the factors with j > 1 does not count. 

Let iG{l,...,j — l}be the maximal index such that |c;(A) — Cj(A) | = 1. 
Note that i = A(a , b) then either j = A(a + 1,6) or j = A(a ,b + 1) . Consider 
the sequence of tableaux of shape A , 

A' = (7,_i • A , A" = (7,_2 • A' , . . . , A(^'-^-^) = ai+i ■ A^^-''^^ . 
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Each of these tableaux is standard. Using this sequence, we obtain the relation 

fe=i+l,...,i-l 

n • F^o-.-i) (2.20) 

k=i+l,...,j-l 

in the algebra Hi, cf. the proof of Proposition 2.6. Each of the factors 

in (2.20) is invertible. The entries i and i + 1 of the tableau A^-'"*"^) correspond 
to the same nodes of the Young diagram (2.5) as the entries i and j of the 
tableau A respectively. Using either Proposition 2.5 or Proposition 2.7, the 
element F^(j-i-i) is divisible on the left by 

The relation (2.20) now shows that the element Fa is divisible on the left by 

n F,(g2'=^(^),g2'=^(^)). 

k=i,...,j-l 

Using the relations (2.2) and (2.3), we obtain an equality in the algebra iJ^+i 

k=l,...,l k=i,...,j-l 

n F,(;^,g2c.(A)) . g F,+i(g2^'=(^),g2^^(^)) X 
fe=l,...,j— 1 k=i+l,...,j—l 

Fi(z,g2ci(A))ir.^^(^^g2c,(A)^^.^^2c,(A)^^2c,(A)^) ^ ^2.21) 
n F,+i(^,g2e.(A)) . g F,(;^,g2<^'=(^)) 

k=i+l,...,j-l k=j+l,...,l 

The product in the line (2.21) above is regular at 2; = g2cj(A)^ Lemma 2.1. 

Now take any other index j' ^ j such that Cj(A) = Cj/(A). We assume that 
y > 1. Let i'G{l,...,j' — l}be the corresponding maximal index such 

that |cj/(A) — Cj/{A) \ = 1. If j' > j, then also i' > j because the tableau 
A is standard. Thus the two sets of indices {i' , ... , j'} and {i, . . . , j} are 
always disjoint. Therefore we can apply the above argument to both factors 
Fj{z,q ^'^J ) and Fji{z,q ^"^^ ' ^-^^ ) in the product defining F{z) simultaneously. 
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and so on. In this way we show that when estimating from above the order 
of the pole of the function F(z) at z = zq, all the factors Fj(z jq"^^^^^^) where 
= q but j > 1 , do not count □ 

Now denote by l the embedding Hi — > -f/"/+i defined by setting L{Ti) — Tj+i. 

Proposition 2.9. We have the equality 

k 1 5 • • •) I 1 J • • • J / 

Proof. Take the variables zi, . . . , zi e C(g) . Using the relations (2. 2), (2. 3) 
and the definition (2.6) of F/^{zi , . . . , zi) we obtain the the equality of rational 
functions in the variables z,Zi, . . . , zi 

k=l,...,l 

L{F^{zi,...,Zi)) ■ n Fi_k+i{z,q'''>'^''hk). 

k=l,...,l 

Restricting, in the above displayed equality, the function F/^{zi zi) to Z/^ , 
and then cvahiating the restriction at the point (1, . . . , 1) £ Z\, we derive 
Proposition 2.9 from Theorem 2.2 □ 



3. Young symmetrizers for the algebra Hi 

For every standard tableau A of shape A we have defined an element F\ of 
the algebra Hi . Let us now assign to A another element of Hi , which will be 
denoted by G\. Let p E Si he the permutation such that A = p • A°, as it 
was in Section 2. For any j = 1, . . . , / denote by Bj the subsequence of the 
sequence p(l) , . . . , p{l) consisting of all i < j such that p''^{i) < P~^{j) ■ Note 
that we have a reduced decomposition in the symmetric group Si , 

P(7o = n ( n '^j-k) 

j=l,...,l ^ k=l,...,\Bj\ ^ 

where \Bj\ is the length of sequence B^ ; cf. the reduced decomposition (2.12). 
Consider the rational function taking values in Hi , of the variables 2^1 , . . . , 2;; 

n ( n F,-;t(g'^^(^^^i,g''=^-(^^^i)) where i = B^{k). 
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Denote this rational function by Gx{zi , . . . , zi) . Using induction on the length 
of the element p & Si as in the proof of Proposition 2.6, one can prove that 

Fa{zi , ... ,zi) = Ga{zi , ... ,zi) X 
n ( n Fi_j+k{q"''(''^z,,q"^^^''^zj)) where i^Aj{k). 

3=1,.. .,1 ^ fc=l,...,|^| ^ 

Hence restriction of G'a(2;i , . . . , zi) to the subspace C C(g')^' is regular 
at the point (1, . . . , 1) due to Theorem 2.2. The value of that restriction at 
(1, ... ,1) is our element Ga e Hi by definition. Moreover, then Fa equals 



• n n Fi_,+^{q''^^^'^\q^'^^^^y)) where i = A,{k). 

3=1,.. .,1 ^ k=l,...,\A.j\ ^ 

where i = Aj{k) . Using the relation (2.4), this factorization of Fa implies that 
the left hand side of the equahty in Proposition 2.6 also equals Ga times 

/ / fo-o-l^a 2C,(A) + 2CJ(A)^^ 

n ( n ( 1- ; ^ , ,,,,, I I where i^AAk). 

Rewriting the factors of the last displayed product. Proposition 2.6 yields 
Corollary 3.1. We have the equality in the algebra Hi 

n ( n F,_fe(g2^'(^),g2c.(A))^ . Fa> where i ^ Aj{k) . 



Yet arguing like in the proof of Proposition 2.3, the definition of Ga implies 

Proposition 3.2. The element G\ equals Tp^rg plus a sum of the elements T„ 

with certain non-zero coefficients from C(g); where the length of each a E Si 
is less than that of pa^. 

Note that Ga° = Fao by definition. Denote by V\ the left ideal in the algebra 
Hi generated by the element Fao . Due to Corollary 3.1 we have Ga G Vx for 
any standard tableau A of shape A. Proposition 3.2 shows that the elements 
Ga G Hi for all pairwise distinct standard tableaux A of shape A are linearly 
independent. The next theorem implies, in particular, that these elements also 
span the vector space V\ . 

For any /c = 1, — 1 denote (ifc(A) = Cfc(A) — Cfc+i(A) . If the tableau CTfeA 
is not standard, then the numbers k and A; + 1 stand neod to each other in 
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the same row or in the same column of A, that is A; + 1 = A{a,b + 1) or 
k + 1 = A(a + l,b) for A; = A{a,b). Then we have dfc(A) = —1 or dk{A) = 1 
respectively. But if the tableau UfcA is standard, then we have \ dk{A) | ^ 2 . 

Theorem 3.3. For any standard tableau A and any k — l,...,l — lwe have: 



4(A) ^ -2, 
4(A) >2. 

Proof. The element G\ G Hi is obtained by multiplying Fa on the right by 
a certain element of Hi . Hence Part (a) of Theorem 3.3 immediately follows 
from Propositions 2.5 and 2.7. Now suppose that the tableau o-fcA is standard. 
Moreover, suppose that 4(A) ^ 2 ; in this case we have k G Ak+i- Using 
Corollary 3.1 along with the relations (2.2) and (2.3), one can get the equality 

(■] (Q-Q \ ^ _ p, /'„2cfc(A) „2cfc+i(A)N^ /oi\ 

\^ (^dfc(A) _^-d,(A))2 - )'^'^>^^- y'^-^) 

Using the relation (2.4), we obtain from (3.1) the equality 

Ffe(g''='=+^^^^g''='=(^^)GA = G,,A. 

The last equality implies Part (b) of Theorem 3.3 in the case when dk{A) ^ 2, 
see the definition (2.1). Exchanging the tableaux A and (jfcA in (3.1), so that 
the resulting equality applies in the case when dk{A) ^ —2, we prove Part (b) 
of Theorem 3.3 in this remaining case □ 

Thus the elements G\ G Hi for all pairwise distinct standard tableaux A of 
shape A form a basis in the vector space V\ . This basis is distinguished due to 

Proposition 3.4. We have XiG^ — q'^'^^^^'^Ga for each i — 1, . . . ,1. 

Proof. We will proceed by induction on i = 1 ,...,/ . By definition, Xi = 1. 
On the other hand, Ci(A) = for any standard tableau A. Thus Proposition 3.4 
is true for i = 1. Now suppose that Proposition 3.4 is true ior i — k where 
A; < L To show that it is also true for i = + 1, we will use Theorem 3.3. 
Note that Xk+i = Xk . If 4(A) = ±1 , then X^ Ga equals 

l^q^'nXkGA = i^q^^'^^'^^'nGA = g'^'^^^^^'GA = g'^'^+^^^^GA 



a) TkGA 

b) TkGA 



— < 



qGa if 4(A) = -1, 
[-q-^GA if 4(A) = 1; 



q-q- 



Ga + GcruA X 



(g4(A) - g-rffe(A))2 'J 
1 if 
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respectively. If rffc(A) ^ 2, then the product G\ equals 

In the case when dk{A) ^ —2, the proof of the equahty X^^i G\ = g2cfe+i(A) 
is similar and is omitted here □ 

Let us now consider the left ideal Vx C Hi as ifj-module. Here the algebra Hi 
acts via left multiplication. 

Corollary 3.5. The Hi -module V\ is irreducible. 

Proof. The vectors G\ G Vx where A is ranging over the set of all standard 
tableaux of the given shape A , form an eigenbasis for the action on Vx of 
the Murphy elements Xi, . . . , Xi E Hi . Moreover, the ordered collections of 
the corresponding eigenvalues q'^'^^(^\ ... , g2ci(A) pairwise distinct for all 
different tableaux A. On the other hand, by Corollary 3.1 any basis vector 
Ga £ Vx can be obtained by acting on the element G\o e by a certain 
invertible element of Hi □ 

Corollary 3.6. The Hi -modules Vx for different partitions X of I are pairwise 
non-equivalent. 

Proof. Take any symmetric polynomial / in I variables over the field C{q). For 
all standard tableaux A of the same shape A , the values of this polynomial 

e C{q) (3.2) 

are the same. Hence by Proposition 3.4, the element f{Xi, . . . , Xi) G Hi acts 
on Vx via multiplication by the scalar (3.2). On the other hand, the partition A 
can be uniquely restored from the values (3.2) where the polynomial / varies. 
Thus the i^r modules Vx with different partitions A cannot be equivalent □ 

Remark. The centre of the algebra Hi consists of all the Laurent polynomials 
in the generators Yi, . . . ,Yi which are invariant under permutations of these 
generators; see for instance [12, Proposition 3.11]. In particular, the element 
f{Xi , . . . , Xi) e Hi is central, as the image of a central element of Hi under 
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the homomorphism tt. Moreover, the centre of the algebra Hi coincides with 
the collection of all elements f{Xi, . . . , X/) where the symmetric polynomial 
/ varies; cf. [8]. However, we do not use any of these facts in this section □ 



For any k — 1, . . . , I — 1 consider the restriction of the Hi-module V\ to 
the subalgebra C Hi. We use the standard embedding Hk ^ Hi, where 
Tj I— > Tj for each index i — 1, . . . , k — 1. 



Corollary 3.7. The vector G\ e V\ belongs to the Hk-invariant subspace in 
Vx, equivalent to the H^-module where the partition k is the shape of the 
tableau obtained by removing from A the entries k + 1, . . . , I . 



Proof. It suffices to consider the case k = l — l only. For each index a such that 
Aa > ^a+i , denote by Va the vector subspace in V\ spanned by the all those 
vectors Ga where A(a,Aa) = / . By Theorem 3.3, the subspace Va is preserved 
by the action of the subalgebra Hi_i C Hi on V^. Moreover, Theorem 3.3 
shows that the -module Va is equivalent to V^ where the partition k of 
Z — 1 is obtained by decreasing the ath part of A by 1 □ 



The properties of the vector given by Corollary 3.7 for A; = 1, — 1, 
determine this vector in Vx uniquely up to a non-zero factor from C(g). These 
properties can be restated for any irreducible if; -module V equivalent to Vx. 
Explicit formulas for the action of the generators Ti, . . . , T;_i of Hi on the 
vectors in V determined by these properties, are known; cf. [14, Theorem 6.4]. 



Setting q = 1, the algebra Hi specializes to the symmetric group ring C^;. 
The element e Hi then speciahzes to the permutation a e Si itself. The 
proof of Theorem 2.2 demonstrates that the coefficients in the expansion of 
the element F\ G Hi relative to the basis of the elements are regular at 
g = 1 as rational functions of the parameter q. Thus the specialization of the 
element Fa e if; at g = 1 is well defined. The same is true for the element 
Ga ^ Hi, see Corollary 3.1. The speciahzations at g = 1 of the basis vectors 
Ga £ Vx form the Young seminormal basis in the corresponding irreducible 
representation of the group Si. The action of the generators cti, . . . , (J;_i of 
Si on the vectors of the latter basis was first given by [19, Theorem IV]. For 
the interpretation of the elements Fa and Ga using representation theory of 
the affine Hecke algebra Hi, see [1, Section 3] and references therein. 

Let i^x be the character of the irreducible if;-module Vx. Determine a linear 
function S : Hi ^ C(g) by setting 



1 if (7 = 1, 
otherwise. 



19 



It is known that the function S is central, see for instance [4, Lemma 5.1]. At 
q — 1, this function speciahzes to the character of the regular representation of 
the algebra CSi, normalized so that the value of the character at 1 e 5"/ is 1. 
This observation imphes that each of the coefficients in the expansion of the 
function 5 relative to the basis of the characters (fx in the vector space of 
central functions on Hi, is non-zero. Thus for some scalars hx{q) e C(g), 

S = E hx\q)Vx. (3.3) 

A 

For any standard tableau A of shape A , denote by Ea the element F^T^^ G Hi . 
Recall that the element Fa G Hi can be obtained by multiplying G\ on the 
right by some element of Hi . It follows from Proposition 2.4 and Theorem 3.3, 
that the element E\ belongs to the simple two-sided ideal of the algebra Hi 
corresponding to the equivalence class of irreducible Hi-module V^. Further, 
Propositions 2.4 and 3.4 imply the equalities 

XiEA = E^Xi = ^^'^^(^^Ea for i = 1 . (3.4) 



Proposition 3.8. Here E\ — h\{q)E\ for any standard tableau A of shape X. 

Proof. The proofs of Corollaries 3.5 and 3.6 show that the equalities (3.4) 
determine the element E\ G Hi uniquely, up to a multiplier from C(g) . Hence 
-E'a — h\{q)EA for some h\{q) G C(g). Note that by Proposition 2.3, the 
coefficient of 1 in the expansion of the element E^ G Hi relative to the basis 
of the elements T~^, is 1. 

To prove that /ia(?) = hx{q), we will employ an argument from [5, Section 3]. 
At q — 1, the element Ea speciahzes to the diagonal matrix element of the 
irreducible representation of Si parametrized by the partition A, corresponding 
to the vector of the Young seminormal basis parametrized by the tableau A. 
As a linear combination the elements of the group Si , this matrix element is 
normalized so that its coefficient at 1 G -S"; is 1. Therefore hA{q) 7^ 0. 

The element hA^{q)EA G Hi is an idempotent, so for any partition uj of / the 
value (f^ {hj^^ (q) E a) is an integer. In particular, this value does not depend 
on the parameter q, and can be determined by specializing q = 1. Thus we get 

(p^(hx\q)EA)^ 



Now by applying the functions at each side of the equality (3.3) to the element 
hX^{q)EA E Hi, we obtain the equality hX^{q) = h^^{q) □ 



1 if a; = A, 
otherwise. 
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Several formulas are known for the scalars h\{q). Two different formulas for 
each h\[q) were given in [17]; see also [5, Section 3]. Another formula reads as 

1 _ „2(Aa + A*-a-6+l) 
hx{q) = TT • gAi(l-Ai) + A,(l-A,) + ... (35^ 

where the product is taken over all nodes (a, 6) of the Young diagram (2.5). 
At g = 1, the rational function of q at the right hand side of (3.5) specializes 
to the product of the hook-lengths Aq + A^ — a — 6+1 corresponding to the 
nodes (a, 6) of the Young diagram (2.5). We will give a new proof of (3.5) by 
using Theorem 2.2 and Proposition 3.8, see the end of Section 4 for the proof. 

From now on until the end of this section, we will assume that A is the row 
tableau of shape A. By definition, here we have A (a, 6 + 1) = A(a, 6) + 1 for all 
possible nodes (a, 6) of the Young diagram (2.5). According to the notation of 
Section 2, let p & Sihc the permutation such that the row tableau A = p ■ A°. 
Let S\ be the subgroup in Si preserving the collections of numbers appearing 
in every row of the tableau A, it is called the Young subgroup. Following [5], 
consider the element ^4^ = P\T~\ QxTp-i of the algebra Hi, where 

= E Q-'^'^T-' and Qa = E (-qV^"^ . (3.6) 

Here £{a) is the length of a permutation a. At q — 1, the element ^4^ G Hi 
specializes [18] to the Young symmetrizer in CSi corresponding to A. 

Proposition 3.9. // A is the row tableau of shape X, then GaT~J-^ — Ax. 

Proof. Let U be the vector subspace in Hi formed by all elements B such that 

TkB^qB if akeSx, (3.7) 

BTk = -q-'B if au^Sx*. (3.8) 

Then dim U — 1, see for instance [5, Section 1]. Using the definition of Ax, we 
can verify that Ax T~\ e U. On the other hand, consider the element 

B = GaT^XT,-\ = GkT,-\ (3.9) 

It satisfies the condition (3.7) thanks to Part (a) of Theorem 3.3, because here 
A is the row tableau of shape A. By Proposition 2.7, we also have 

TkFisp — —q~^F/^o if ak G Sx*- 

Due to Corollary 3.1, the element (3.9) can be obtained by multiplying FaoTq"^ 
on the left by a certain element of Hi . But the element Fj\o Tq"^ is a; -invariant. 
Hence the element (3.9) also satisfies the condition (3.8). Thus GaTq"^ e U . 



21 



To complete the proof of Proposition 3.9, it suffices to compare the coefficients 
at Tpo-o in the expansions of the elements G\ and AaT^o-o of Hi relative to the 
basis of the elements T„. For Ga this coefficient is 1 by Proposition 3.2. Let 
ySj^ be the subgroup Sx* (Xq C Si. Observe that if cr e 5*^ and a' E S'^, then 

In particular, then we have apaoa' — pao only for u = cr' = 1. Therefore 



X-'-pao 




The coefficient of Tp^o in the sum displayed in the last line above, is 1 □ 

Remark. One can give another expression for the element Ax G Hi defined via 
(3.6), by using the identities 

E Q-'^^^T-' = q'^'-'^ E 

aeSi aeSi 
aeSi aeSi 



4. Eigenvalues of the operator J 

Take any partition A of L For any standard tableau A of shape A denote by 
Va the left ideal in the algebra Hi, generated by the element Fa defined in 
Section 2. If A = A° then Va = Va in the notation of Section 3. Recall that 
the element Fa G Hi can be obtained by multiplying Fa^ on the left and on 
the right by certain invertible elements of Hi, see Proposition 2.6. Hence V\ is 
equivalent to Vx as i^rmodule. The algebra Hi acts on any left ideal Va C Hi 
via left multiplication. Also recall that the element Fa can be obtained by 
multiplying Ga by certain element of Hi on the right. Thus by Proposition 3.4 

Xi Fa = g^"'^^^ Fa for each i = 1 . (4.1) 

For any non-zero z G C{q) , consider the evaluation if; -module V\{z) . This 
is the puUback of the ifrniodule Va back through the homomorphism tTz', 
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see Section 1. As a vector space Va{z) is the left ideal V\ C Hi, and the 
subalgebra Hi C Hi acts on this vector space via left multiplication. By (4.1), 
in the if; -module V/i{z) we have 

Yi-Fj^^ z q^^'^^^Fj, for each i = 1, . . . , L (4.2) 

Note that any element of Hi can be written as a sum of Laurent monomials in 
Yi, . . . ,Yi multiplied by some elements of Hi on the left. Therefore the action 
of the generators Yi, . . . , on the Hi-modu\e Va{z) is determined by (4.2). 

Take a partition /x of m, and any standard tableau M of shape fi. Also take 
any non-zero element w G C(g) . Let us realize the if ;_|_^- module W induced 
from the Hi (8) if^-module Va{z) ® Vm {w) , as the left ideal in -f/"/+m generated 
by the product F^Fm- Here Fm denotes the image of the element Fm G H^ 
under the embedding H^ — ^ Hi^^ '■ Tj Ti^j . The action of the generators 
Yi, . . . , Yij^rn £ -f^z+m ou this left ideal is then determined by setting 

Yi ■ FaFm ^ zq FaFm for each i = 1 , . . . , Z ; (4.3) 

Yi+j ■ FaFm = w q ^-^^ FaFm for each j = 1 , . . . , m . 

Further, consider the i7i+,7i-module W induced from the Hm ® Hi-modvle 
Vm{w) ® V\{z) . Let us realize W as the left ideal in Hi^m generated by the 
product Fm F\ , where Fa denotes the image of Fa G Hi under the embedding 
Hi Hi+m '■ Ti I— > Tj+m- The generators Yi, . . . , Yi^„i act on VF' so that 

Y^+^-FmFa = ^g'^^'^^^FnFA for each (4.4) 

Yj ■FmFa = w q'^"^^^'^ FmFk for each j = 1, . . . , m . 

Consider the element r of the symmetric group Sij^ra , which was defined as 
the permutation (1.8). We will use one reduced decomposition of this element, 

= n ( n '^i+j-i)- 

i=l,...,l ^ j=l,...,m 

The corresponding element Tr of the algebra iJ^+m satisfies the relations 



TiTr = TrTi+m for each i ^ 1, . . . , I - 1; (4.5) 

Ti+j = Tr Tj for each j = l,...,m-l. (4.6) 
In particular, these relations imply the equality in Hi+rn 

F^FuTr ^ TrFuPA. (4.7) 
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Now introduce two elements of the algebra Hi+m, 

Sam{z,w) = n ( n Fi^^_,_^^^{q''^^(^h,q''^^^''^w)), (4.8) 

i=l,...,l ^ j=l,...,m 



SU^,w) = 11(11 F,+,.,{q^^^(^h,q''^^(^^ 



w 



l,...,l ^ j=l,...,m 



We have assumed that z~^w ^ so that these two elements are well defined, 
see (2.1). Using the relations (2. 2), (2. 3) together with the definitions of the 
elements Fa e Hi and Fm £ , we obtain the relation in the algebra i^^+m 

FaFmSam{z,w) = Sly^{z,w) FmFa. (4.9) 

Wc will use one more expression for the element of Hi^m , appearing at either 
side of the equality (4.9). For each i = 1 , . . . , I denote by Xi the image of the 
Murphy element Xj G Hi under the embedding Hi —>■ Hi^^ : Tj i— > T^^i . 

Proposition 4.1. The element of the algebra Hi+^n in (4-9) equals times 

w q ^i+m 771 r 

— ^-TjT. • -^M-f'A- 

, Z '■W — q^'^'V^I 
I — i,...,t 



Proof. Using Propositions 2.8 and 2.9 repeatedly, for the standard tableau 
M instead of A and for the element q'^'^^^^^ zw~^ e C(g) instead of z where 
i — 1, . . . ,1 one shows that the element of the algebra i^j+m on the right hand 
side of (4.9) equals the product 

n ^--^^^y . FmFa. (4.10) 

The ordered product of the factors in (4.10) corresponding to i = /,..., 1 can 
be rewritten as , multiplied on the right by the product over i = Z , . . . , 1 of 

H {Tk ■ ■ ■ Tk+m-l) ^ X 
k=l,...,i—l 

^ fJ q ± i+m-l ■ ■ ■ -'-I • • • -t ^ 

Z~^W — g2ci(A) 

H (Tk ■ ■ ■ Tk+m-l ) = 
fc=l,...,i— 1 

Ti+m-l ■ ■ ■ Tjn+1 • H {Tk ■ ■ ■ T^j^m) X 
k=l,...,i-l 
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n ... Tk+m-l) ■ • • ■ 

k=l,...,i-l 

Wc can now complete the proof of Proposition 4.1 by using the definitions of 
Xj G Hi and X^^j G -f^i+m ; along with the relations for all j = 1 , . . . , m 

fc=l,...,«— 1 fc=l,.--,i— 1 



It follows from the relation (4.9) that the right multiplication in Hi^^ by the 
element Sam{z,w) determines a linear operator I -.W ^ W. 

Proposition 4.2. The operator I : W ^ W is a Hi^rn-intertwiner. 

Proof. The subalgebra i/j+m C Hi+m acts on W ,W' via left multiplication; 
so the operator / commutes with this action by definition. The left ideal W 
in Hi^^ is generated by the element Fa-Fm; therefore it suffices to check that 

Yi- I{FaFm) ^ I{Yi- FaFm) for each i = l,...,Z + m. 

Firstly, consider the case when i ^ / . In this case by using (4. 3), (4. 4) and (4.9) 

Yi ■ /(FaFm) = Yi ■ {SU{z,w)FmFa) = SU{z,w) x 

(F^+^-Fm^a) = zq^''^^''^SU{z,w)FMFA = /(F.-FaFm). 

Here we also used the defining relations (1.4) and (1.5) of the algebra Hi^m] 
for more details of this argument see [16, Section 2] . The case i > I can be 
considered similarly □ 

Consider the operator of the right multiplication in Hi^^ by the element 

Ram{z,w) = Sam{z,w)T^^ . 

Because of the relations (4.7) and (4.9), this operator preserves the subspace 
W C Hi^ra- Restriction of this operator to the subspace W will be denoted 
by J. The subalgebra if^+m C i^;+m acts on the if;+j„-module W via left 
multiphcation, so the operator J : W ^ W commutes with this action. Now 
regard as a -module only. Let u be any partition of Z + m such that 
the H, +m-modulc W has exactly one irreducible component equivalent to \4. 
The operator J preserves this component, and acts thereon as multiplication 
by a certain element of C{q). Denote this element by r,y{z,w); it depends on 
the parameters z and w as a rational function of z~^w, and does not depend 
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on the choice of the tableaux A and M of the given shapes A and ji. In this 
section, we compute the eigenvalues r,j[z,w) of J for certain partitions v. 

Choose any sequence ii , . . . , i a* G {1 , 2 , . . . } of pairwise distinct indices; this 
sequence needs not to be increasing. Recall that is the number of non-zero 
parts in the partition A . Consider the partition as an infinite sequence with 
finitely many non-zero terms. Define an infinite sequence ^ = (^i , ) ■ ■ • ) by 

^i^l^i, i h, ■ ■ ■ ,ixi- 

Suppose we get the inequalities Ci ^ C2 ^ • ■ ■ so that ^ is a partition of Z -|- m . 
Then the if -module W has exactly one irreducible component equivalent 
to V^c. This follows from the Littlcwood- Richardson rule [13, Section 1.9]. We 
will compute the eigenvalue {z , w) by applying the operator J to a certain 
vector in that irreducible component. For the purposes of this computation, 
assume that A is the column tableau A° ; the tableau M will remain arbitrary. 

The image of the action of the element FuFa° in the irreducible i7/+m-module 
is a one-dimcnsional subspace. Let us describe this subspace explicitly. Let 
S be the tableau of shape ^, defined as follows. Firstly, put S(c,(i) = M{c,d) 
for all nodes {c,d) of the Young diagram of fj,. Further, for any positive integer 
j consider all those parts of A which are equal to j. These are the parts Xa 
where the index a belongs to the sequence 

A*+i + l,A*+i + 2,...,A*. (4.11) 

The length A* — A*^^ of this sequence is the multiplicity of the part j in the 
partition A, denote this multiplicity by n for short. Rearrange the sequence 
(4.11) to the sequence ai, . . . , a„ such that the inequalities < . . . < ia„ 
hold. Then for every term a = of the rearranged sequence put 

'^{ia,IJ'ia + b) ^ rn + A°{X*_^^ + k,b) where 6 = 1, ...,Aa. 
Proposition 4.3. The tableau S is standard. 

Proof. For any possible integers c and d, the condition S(c,(i) < 'E{c,d+ 1) is 
satisfied by definition, because the tableaux A° and M are standard. For any 
node {c,d) of the Young diagram of /i, the condition E{c,d) < E{c + l,d) 
is also satisfied by definition. Now suppose there are two different numbers k 
and k' greater than m, that appear in the same column of the tableaux S. 
Let i and i' be the corresponding rows of S, assume that i < i' . Here i = ia 
and i' = ia' for certain indices a, a' e {1, . . . , A^}. If Xa ^ Xa' then k < k' 
because the tableau A° is standard. Here we also use the definition of S . Now 
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suppose that Xa < Xa'- Then /li > /li', because the assumption i < i' imphes 

IJ'i + Xa ^ Hi' + Xa' ■ 

Let h and h' be the columns of the tableau A° corresponding to its entries 
k — m and k' — m. Since k and k' appear in the same column of the tableau 
S while /li > /li' , we have b < b'. Then k < k' hy the definition of A° □ 

Using Proposition 4.3, consider the vector Gs e as defined in Section 3. 
Take the element Qx G Hi as defined in (3.6). Denote by the image of this 
element under the embedding Hi Hi^^ : i-^ T^j^^ . 

Proposition 4.4. The image of the action of the element Fm F\o g on 
the Hi^rn-nT'Odule is spanned by the vector QxGb.- 

Proof. Put V = Fm . The subspace V G is spanned by all those vectors 
where, for every node {c,d) of the Young diagram of /x, the standard 
tableaux S of shape ^ satisfies the condition E{c,d) — M{c,d). The action of 
the element F\o g -ff^+m on preserves the subspace V CV^, and the image 
F\oV is one-dimensional. Moreover, we have FaoV — QxV; see [5, Section 1]. 

It now remains to check that QxGs 7^ 0. Due to our choice of the tableau 5, 
it suffices to consider the case when each non-zero part of A equals 1. In this 
case, the element Qx G Hi is central. On the other hand, any vector of V 
has the form CG^ where C is the image of some element C G Hi under the 
embedding Hi Hi+m ■ % Ti+rn- So QxV ^ {0} implies Qa^^s 7^ □ 

Theorem 4.5. We have the equality 



ni^^f^) = n 



Z~^W — g~2(Mia + -^6-«<i-6 + l) 



(a,b) ^ 

where the product is taken over all nodes (a, 6) of the Young diagram (2.5). 

Proof. First consider the case when each non-zero part of A equals 1. In this 
case, A° is the only one standard tableau of shape A and we have Cj(A°) = 1—i 
for any i = 1, . . . , I. The product displayed in Proposition 4.1 then equals 

n '"'"'S^i^^ ■ PuF,- (4.12) 

i=l,...,l z w q 
We will prove by induction on / = 1,2, . . . that the product (4.12) equals 

H i' .-.r • FmF^' • (4-13) 
j^'j I z — q^ 
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The elements Xj^+i , ■ ■ ■ , ^i+m G Hi^m pairwise commute, hence the ordering 
of the factors corresponding to i = 1 ,...,/ in the product (4.13) is irrelevant. 
Theorem 4.5 will then follow in our special case. Indeed, let be the minimal 
central idempotent in the algebra iJ^+m corresponding to the partition ^ . Using 
Proposition 4.1 together with the equality between (4.12) and (4.13), we get 

J{Z^Fj,oFm) = Z^SIo^{z,w)FmFj,oT-' = 
i=l,...,l z w q 

TrZ, ■ n , ' . .r^ X 

z-^w- q^-^'Xr^ _ _ 

11 ^-1,,, _ „2-2Z-2c^(M) • FmFaoT^ - 
j=l,...,m Z W q 



T.z, . n ^ ^ — — X 



2; — q^ 2i 



n 7^17^ ^2-2Z-2c,(M) • FmFaoT- 



_ „2-2Z-2c,(M) 



n ^zi-f— • ^^i^A^^M = r,{z,w)Z,FAoFM, (4.14) 
a=l,...,i z w q 

as Theorem 4.5 claims. Here we used the counterparts of the relations (4.1) 
for the standard tableau M and H instead of A, cf. our proof of Corollary 3.6. 

Now let us prove the equahty between (4.12) and (4.13). We have Xi = 1 by 
definition, hence that equahty is obvious when I — 1. Suppose that I > 1. The 
numerator of the fraction in (4.12) corresponding to the index i — 1, equals 

z-'w-X^l, = z-'w-T-\..T-'T-\..T-\ (4.15) 
In our special case, we have the relations in the algebra i^z+m 

Tm+i Fao = -q'^ F^o for i = 1, 1. 
Using these relations along with the equahty (4.15), we obtain 

{z-'w-X-1,)Fao = 

i-qy-' T„+i . . . Ti+m-i {z-'w- q'-'' Xf^l) F^. . (4.16) 
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Further, for any i = 2 , . . . , / the elements Ti , . . . , T'j_2 commute with the 
Murphy element Xi & Hi. So the elements T„;+i , . . . , commute with 

Xi e i?;+m ; they also commute with Xi^^ . Therefore for i = 2 we have 

^i+m Tm+l ■ ■ ■ Ti+m-l — 
Tm+1 ■ ■ ■ ^i+m Ti+m-1 ■ ■ ■ — 2^m+l ■ ■ ■ 2^i+m-2 X 

rp rp rp—\ rp — \ rp — \ rp —\ T' T' 

i+m—l ■ ■ ■ J- m+1 -'-m ■■■-'l -'l ■ ■ ■ 1 J- 1 i-\-rn ■ ■ ■ J- l+m—1 — 

/Ti /Ti /Ti rp rp — 1 rp —1 rp —1 rp — 1 

m+1 ■ ■ ■ l+m-1 J- i+m-2 ■ ■ ■ ^ m+1 -'m----'l -'l i+m-2 — 

Tm+1 ■ ■ ■ Ti+m-1 Xi-i X^^^_-^ . 

Therefore by using the equality (4.16), the product (4.12) equals 

[-q) 1 m+1 ■ ■ ■ J- l+m-l ■ 11 .-1,„ _ n2-2i 



-2,...,i - r ^ 



z~^w — 1 



• FmFa° — ( — ?)' ^ Tjn+l ■ ■ ■ Ti^m-1 X 



nz w q y^i_^m-i z w q y^m+i p 
=1 2^i ■ =1 1 ■ -^M-f'A" — 

1=2,..., I ^ 

{-qy-'Tm+i...Ti^m-i ■ n -1 2-^"" ■ ^mFao. (4.17) 

i_i , z '^w — q^ 

I — L,...,l 

Here wc used the equality between the counterparts of the products (4.12) and 
(4.13) for / — 1 instead of / and for q^z~^w instead of z~^w, which we have by 
the inductive assumption. We also used commutativity of the Murphy element 
^i+m with T„i+i , • • • , Ti^rn-2 ■ To establish the equality between the products 
(4.12) and (4.13) themselves, it now remains to observe that the product over 
i = 1 ,...,/ in the line (4.17) is symmetric in X^+i , • • • , Xi^.,n and therefore 
commutes with T^+i , • • • , Ti^^n-i ; cf. remark after our proof of Corollary 3.6. 

Thus wc have proved Theorem 4.5 when each non-zero part of A is 1 . Now let 
A be an arbitrary partition of /. Consider the element Q\G^ G i^z+m- Due to 
Proposition 4.4, this element is divisible on the left by FyiF\o. The element 

ai+m{QxGs)FMFAoT-^ = ai+m{Gs) QxT-^F^o Fm (4.18) 

is non-zero, and belongs to the left ideal W C Hi^m- Further, the element 
(4.18) belongs to the irreducible component of the i^^+^-module W equivalent 
to V^. Thus (4.18) is an eigenvector of the operator J : W ^ W with the 
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eigenvalue r^{z,w) . On other hand, due to Proposition 4.1 the image of (4.18) 
under the operator J equals 



(^l+miGs) Qx ■ n =1 2c- (A) ' ■ -^M-^A° = 

1=1,...,; y 

To obtain the latter equality we used the relations (3.4), the divisibility of 
the element Q;/+m(Gs)QA on the right by E\o , and the commutativity of the 
element Xi with the Murphy elements Xi+m+i , ■ ■ ■ , -^i+m for any i = 1, . . . , I. 
Here Ea° denotes the image of the element i?A° ^ Hi under the embedding 
Hi — > Hi+rn '■ Ti I— > Ti+rn- The factors in the product (4.19) corresponding to 
the indices i — 1 , . . . , I pairwise commute, hence their ordering is irrelevant. 

Due to Theorem 3.3, the vector Q^G^ G is a linear combination of the 
vectors where S is any standard tableaux of shape ^, obtained from S 
by a permutation T~^aT e 5"^+^ such that a G Sx* G Si C Si+m- Now the 
expression (4.19) for the J-image of (4.18) shows, that the eigenvalue r^{z,w) 
is multiplicative relative to the columns of the tableau A° . Namely, by using 
Theorem 4.5 consecutively for the partitions of A*,A2, . . . with each non-zero 
part being equal to 1, we get 

Z-^W - o-2(/^i„ + A*-ja-6+l) 

= n n — (i-ao) 

b=l a=l z w q 

as required. According to (4.19), the numerator in (4.20) is obtained from the 
numerator in (4.14) by changing / , to , /ij^ +6—1 respectively, and by 
increasing the exponential by 4(6 — 1) = 4cfc(A°) where k = A°(l,6) □ 

Our next theorem is essentially a reformulation of Theorem 4.5. Choose any 
sequence ji, . . . , ^ {li2, . . .} of pairwise distinct indices; this sequence 
needs not to be increasing. Consider the partition /i* conjugate to 11. Define a 
sequence rj* = (77^ , 773 , • • • ) by 

Vj=f^j, i 7^ ji, • • • , Ui- 

Suppose we have the inequalities 77* ^772 ^ . . . , so that 7/* is a partition 
of / + m. Then define rj as the partition conjugate to rj* . The iJ/+m-module 
W has exactly one irreducible component equivalent to K?; this follows from 
the Littlewood- Richardson rule [13, Section 1.9]. Consider the corresponding 
eigenvalue rj^{z,w) of the operator J -.W ^ W. 
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Theorem 4.6. We have the equality 



z w — q 



rr^{z,w) 



n 



z '-W — q 



-1 



2b -2a 



(a,b) 



where the product is taken over all nodes {a,b) of the Young diagram (2.5). 

Proof. For any positive integer /, the C(g) -algebra Hi may be also regarded as 
an algebra over the field C C C(g) . The assignments q ^ q~^ and Tj i— > — Tj 
for i = 1 — 1 determine an involutive automorphism of Hi as C-algebra. 
Denote by (3i this automorphism. For the minimal central idempotent Zx of 
the semisimple C(g) -algebra Hi we have f3i (Zx) = Zx* ', this can be proved by 
by specializing Hi ai q = 1 to the symmetric group ring C Si . Further, for any 
standard tableau A of shape A, define the standard tableau A* of shape A* by 
setting A*(&,a) — A{a,b) for all nodes (a,fo) of the Young diagram (2.5). Then 



Indeed, the counterparts of the equahties (3.4) for Fa* instead of Fa determine 
the element Fa* G Hi uniquely up to a factor from C{q) , while q(A*) = — Cj(A) 
and (3i{Xi) — for i — 1 , . . . , I . We also use Proposition 2.3 and the equality 



Now consider the automorphism Pi-^-m of the C-algebra Hij^.^. Both sides of the 
equality to be proved in Theorem 4.6 depend on z,^ as rational functions of 
z~^w . Hence it suffices to prove that equality only when (5i^rn{z~^w) — z'^w . 
Our argument will be somewhat simpler then. By using (4.8), we then get 



Note that we also have /9i+m(T'^ ^) = (— 1)''"T^ ^ . For any standard tableaux 
A and M of shapes A and /i respectively, by definition we have the equality 

Fa Fm Sam {z , w) T^^ = r\i{z, w) Z,^ Fa Fm • 

By applying the automorphism to both sides of this equality, we get 

Zri*FA*FM* Sa*m*{z ,w)T~^ = Pi+^{rrj{z,w)) Z^*Fa''Fm* ■ 

Hence by using Theorem 4.5 for the partitions A*,//* and rj* instead of X, /i 
and ^ respectively, we get 



A(^a) = (-1) 



lil-l)/2 p 



l3i+m{SAM{z,w)) = {-iy"'SA*M*{z,w). 



-1 



w — 



-2(m* +A6-ja-6+l) 



Pi+m{rn{z,w)) = H 

(a,6) 
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where the product is taken over all nodes (a, 6) of the Young diagram of A*. 
Equivalently, this product may be also taken over all nodes {b,a) of the Young 
diagram of A. Exchanging the indices a and b in the last displayed equality, 
we then obtain Theorem 4.6 due to the involutivity of the mapping Pi+m ^ 

Let us now derive Corollary 1.1 as stated in the beginning of this article. We 
will use Theorems 4.5 and 4.6 in the simplest situation when ia = a for every 
a = 1 , . . . , A'^ and jb = j for every 6 = 1 , . . . , Ai . Then we have 

^ = A + and 77 = (A* + //*)* . 

By Theorems 4.5 and 4.6, then the ratio r^{z,w) /rjj{z,w) — h\n{z,w) equals 
the product of the fractions 

Z-'^W — g2(Aa + ;i^-a-6+l) 

taken over all nodes (a, 6) of the Young diagram (2.5) of A. Consider those 
nodes of (2.5) which do not belong to the Young diagram of ji. Those nodes 
form the skew Young diagram 

{(a,6) gZ" I l^a, /ia<6^ A,}. (4.22) 

To obtain Corollary 1.1, it now suffices to prove the following 

Proposition 4.7. The product of the fractions (4.21) over all the nodes {a,b) 
of the skew Young diagram (4.22), equals 1. 

Proof. For any integer c, let us write (c) instead of z~^w — q^'^ for short. We 
will proceed by induction on the number of nodes in the skew Young diagram 
(4.22). When the set (4.22) is empty, there is nothing to prove. Let (ij) be any 
node of (4.22) such that by removing it from (2.5) we again obtain a Young 
diagram. Then Aj = j and X* = i. By applying the inductive assumption to 
this Young diagram instead of (2.5), we have to show that the product 

{j-fij-l) {a + j-Ha-i-1) ^"^ (j + nl-i-b) 

equals 1. Denote this product by p. Note that here Hi < Aj and /i* < X*. 

Suppose there is a node {c,d) in (4.22) with jii < d < Xi and //^ < c < A*, 
such that by adding this node to the Young diagram of ^ we again obtain a 
Young diagram. Then we have = d — 1 and /x^ = c — 1 . The counterpart of 
the product p for the last Young diagram instead of that of /i , equals 1 by the 
inductive assumption. The equality p — 1 then follows, by using the identity 

(j + c-i-d-l) (j + c-i-d+l) 
{j + c-i-d) (j + c-i-d) 
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(4.21) 



(j + c-i - q!) {j + c - i - d) ^ ^ 
(j + c-i-d+l) (j + c-i-d-l) 

It remains to consider the case when there is no node {c^d) in (4.22) with the 
properties listed above. Then we have /^^ = i — 1 for all 6 = /^i + 1, . . . , j — 1 
and /i-a = J — 1 for all a = /X* + 1 , . . . , i — 1 . The product p then equals 

(0) (/^l-^ + i) ^ ^ □ 

+ (0) 

Finally, let us show how the formula (3.5) can be derived from Theorem 4.5. 
The element hx{q) G C(g) on the left hand side of (3.5) will be determined by 
the relation E\ — hx{q)E\ in Hi , where A is any standard tableau of shape A. 
Below we actually prove another formula for hx{q) which is equivalent to (3.5). 

Corollary 4.8. We have the equality 

1 „ „-2(Aa + A*-a-6 + l) 

hx{q) = n • + + - (4.23) 

where the product is taken over all nodes {a,b) of the Young diagram (2.5). 

Proof. We will use induction on Ai, the longest part of the partition A. First, 
suppose that Ai = 1. Then each non-zero part of A equals 1, and there is only 
one standard tableau A of shape A. In this case, let us write hi{q) and Ei 
instead of hx{q) and E\ respectively. Using (2.1) and Theorem 2.2, 

where the pairs {i,j) with 1 ^ i < j ^ I are ordered lexicographically. By 
Proposition 2.5, we have T^Ei — —q~^ Ei for each index = — l.So 

(ij) V g ^ i / fc=i i ? 

Thus we have the induction base. To make the induction step, suppose that 
(4.23) is true for some partition A of /. Take any positive integer m such that 
m ^ XI for every 6 = 1 , . . . , Ai . Let us show that then the counterpart of the 
equality (4.23) is true for the partition of Z + m 

^ = ( Ai + 1 , . . . , \m + 1 , Xm+1 , Xm+2 ,■■■)■ 

Choose any standard tableau A of shape A. Put ii = (1, . . . , 1,0,0, . . . ) so 
that 9 — X + fjL. In this case, there is only one standard tableau M of shape 
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/i. Let B be the unique standard tableau of shape d agreeing with A in the 
entries 1 ; the numbers / + 1 ,...,/ + m then appear in the cohimn Ai + 1 
of the tableau . Consider the eigenvalue tq {z , w) of the operator J. We have 

EeFAFMSAMiz,w) = re{z,w) EeF^FuTr . (4.24) 

Using Theorem 2.2 and its counterpart for the tableau 6 instead of A, the 
element Fe G -ff^+m is divisible on the left by the element Fa. Therefore the 
element Eq G i^i+m is divisible on the right by the element Fa . Similarly, Eq 
is divisible on the right by the image Fm of the element Fm G Hm under the 
embedding Hi —>■ Hi^rn '■ % ^ Ti^rn- So the right hand side of (4.24) equals 

hx{q) hm{q)r0{z,w) Fq. 

But, by again using Theorem 2.2 and its counterpart for the tableau instead 
of A, the left hand side of (4.24) takes dX z — 1 and w — q'^^^ the value 

EqFq = he{q)Fe. 

Hence the equality (4.24) of rational functions in z and w implies that 

he{q) = hx{q)hMre{l,q'^') (4.25) 



The factor r0{l,q'^^^) in (4.25) can be computed by using Theorem 4.5 when 
ia — a for each a = 1 , . . . , . The rational function rg {z ,w) of z and w can 
then be written as the product over = 1 , . . . , Ai of the functions 

m ^-l^_g2(a+fe-A;-2) K ^ -1^ _ ^ 2 (g+fe-A^ -1) 

After changing the running index a to A^ — a + 1 in both denominators in 
(4.26), the product over a = m + 1 , . . . , A^ in (4.26) cancels. Therefore 

m Ai ^-1^ _ ^2(a+b-A*-2) 

ro{z,w) = n n 2(»+,-Ag-i) • 

a=l 6=1 ^ y 

Using (4.25) together with the last expression for the function r0{z,w) we get 

I _ ^-2(Ai+A*-a-6+2) 



he{q) = hx{q)hm{q) H 11 , -2(Ai+A--a-b+i) 

a=l 6=1 " 



1 _ ^-2(6ic + 6»*-c-d + l) 

where {c,d) is ranging over all nodes of the Young diagram of the partition 6 . 
Here we used the expression for hm{q) provided by the induction base, and 
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the formula (4.23) for hx{q) which is true by the inductive assumption. Thus 
we have made the induction step □ 

Remark. Corollary 1.1 shows that the if -module W is reducible, if 

for some node (a , b) in the intersection of the Young diagrams of A and /i . The 
irreducibility criterion for the i?/+^-module W was given in [10]. Namely, the 
-ffj+m -module W is reducible if and only if z~^w E q^^ for some finite subset 
S G 1i explicitly described in [11]. It would be interesting to point out for each 
z~^w e g^"^ a partition u of I + m, such that W as if;+^-module has exactly 
one irreducible component equivalent to V^, , and that the rational function 
value rx+fj,{z,w) / r,^{z,w) is either or oo □ 
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